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Abstract In this paper, we prove the existence of fixed points of mappings satisfying the 
condition ( aD ), a kind of generalized nonexpansive mappings, on a weakly compact convex 
subset in a Banach space satisfying Opial’s condition. And we use Sahu([6]) and Thakur([10])’s 
iterative scheme to establish several convergence theorems in uniformly convex Banach spaces 
and give an example to show that this scheme converges faster than the scheme in [1]. 
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1. Introduction 
In many literatures, several iterative schemes for fixed points of mappings have been studied. 
In 2000, Noor([4]) introduced the following iterative scheme for general variational inequalities 
and studied the convergence criteria of this scheme. 
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In 2016, Sahu([6]) and Thakur([10]) introduced the following iterative scheme for nonexpansive 
mappings in uniformly convex Banach spaces and claimed that this scheme converges to a fixed 
point of a contraction mapping faster than all the known iterative schemes. 
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On the other hand, in recent years some new generalized nonexpansive mappings have been 
introduced and fixed point theorems and convergence theorems for these mappings have been 
studied. 
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In 2008, Suzuki([9]) defined a new kind of generalized nonexpansive mappings, (C )-mapping, 
and a lot of existence theorems and convergence theorems for a fixed point of (C )-mappings have 
been developed.([2]) In 2019, [3] introduced (**) for (C )-mappings in uniformly convex Banach 
spaces to prove the convergence theorems to a fixed point and gave a numerical example to show 
that this scheme converges faster than other schemes. 
In 2018, [1] intoduced another new kind of generalized nonexpansive mappings, ( aD )-mappings 
and applied (*) to these mappings with 1 2 1n n na a b c b      to establish convergence theorems 
in Banach spaces. 
In this paper we establish the existence of a fixed point of ( aD )-mappings in weakly compact 
convex subsets of Banach spaces and the convergence theorems of (**) for a fixed point of these 
mappings. We also give an example to show that (**) converges faster than (*). 
Here are some useful concepts and properties. 
Definition 1 ([5]) Let CCT :  be a mapping on a subset C  of a Banach space X . If 
)(TF  and T  satisfies the following inequality for all  )(, TFpCx  , then T  is said to 
be quasinonexpansive, where )(TF  is the set of fixed points of T . 
pxpTx  . 
Definition 2 ([9]) Let CCT :  be a mapping on a subset C  of a Banach space X . If T  
satisfies the following property for all Cyx , , then T  is said to satisfy condition (C ) ((C )–
mapping). 
yxTyTxyxTxx 
2
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Definition 3 ([1]) Let CCT :  be a mapping on a subset C  of a Banach space X . If there 
exists )1,21(a  such that T  satisfies the following inequality for all 
),,(,],1,[  xTCyCxa  , then T  is said to satisfy condition ( aD ) (( aD )–mapping). 
yxTyTx  . 
( ( , , ) { (1 ) , , ,
, })
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Tp p Tx x Tq q Tx x
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     
 
The ( aD )-mapping is weaker than nonexpansive mapping and stronger than quasinonexpansive 
mapping. And, it is different from the (C)-mapping. ([1]) 
The following lemma is useful to prove the existence and convergence theorems for ( aD
)-mappings. 
Lemma 1 ([1]) Let CCT :  be a ( aD )-mapping. Then T  satisfies the following property 
for all Cyx , . 
yxxTxTyxyTyxTx  3
 
Definition 4 ([5]) Let X  be a Banach space. If the following inequality holds for any weakly 
convergent sequence }{ nx  and xy  ( x  is a weak limit), then X  is said to satisfy Opial’s 
3 
 
condition. 
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Definition 5 ([5]) Let }{ nx  
be a bounded sequence of a Banach space X . For XCx  , we 
set 
.suplim:}){,( xxxxr n
n
n 

. 
The asymptotic radius of }{ nx  relative to C  is defined by 
}}){,({inf:}){,( CxxxrxCr nn  . 
The asymptotic center of }{ nx  relative to C  is the set 
}}){,(}){,({:}){,( nnn xCrxxrCxxCA  . 
It is well known that }){,( nxCA  consists only one point in uniformly convex Banach spaces. 
Lemma 2 ([7]) Let X  be a uniformly convex Banach space and for all 1n . 
10  bsa n  
Assume that two sequences Xyx nn }{},{ satisfy the following conditions for some 0d . 
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2. Existence and convergence theorems 
In this section we prove the existence for ( aD )–mappings using (*) and then establish the 
convergence theorems for (**). 
Next lemmas are useful for the proof of the existence. 
Lemma 3 ([1]) Let T  be a ( aD )–mapping on a nonempty bounded convex subset C  of a 
Banach space X  and }{ nx  be a sequence generated by (*).  
Then 0lim 

nn
n
Txx
 
holds. 
Lemma 4 Let X  be a Banach space with the Opial’s property and T  be a ( aD )–mapping on 
a nonempty subset C  of X . If Cxn }{  converges weakly to z  and 0lim 

nn
n
Txx
 
holds, 
then zTz  . 
Proof. Assume that zTz  . 
Since 0lim 

nn
n
Txx , by taking subsequences if necessary, we have 
n nx Tx Tz z    
for all nN . 
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Then from Lemma 1, we have  
zxxTxTzx nnnn  3 . 
Taking limits as n ,  
zxTzx n
n
n
n


infliminflim
 
holds. 
On the other hand, from the Opial’s property we have 
Tzxzx n
n
n
n


infliminflim . 
This is a contradiction, so zTz  .                                  □ 
Theorem 1 Let X  be a Banach space with the Opial’s property and T  be a ( aD )–mapping 
on a nonempty weakly compact convex subset C  of X . Then T  has a fixed point. 
Proof. Since C  is weakly compact, it is bounded. 
Let }{ nx  be a sequence generated by (*) and a subsequence { }knx  converges weakly to Cz
. 
Then from Lemma 3 and 4, we have zTz  . This completes the proof.     □ 
Now we establish the convergence theorems based on the existence of a fixed point. 
Firstly, we prove some useful lemmas to prove the convergence. 
Lemma 5 Let T  be a ( aD )–mapping on a nonempty convex subset C  of a Banach space X
. Assume that }{ nx  is a sequence generated by (**) and T  has a fixed point in C . Then for any 
fixed point p , pxn
n


lim  exists. 
Proof. The Proof is similar to the proof of Lemma 4 in [3].               □ 
Lemma 6 Let T  be a ( aD )–mapping on a nonempty closed convex subset C  of a uniformly 
convex Banach space X . Assume that }{ nx  is a sequence generated by (**). Then T  has a 
fixed point if and only if }{ nx  is bounded and 0lim 

nn
n
Txx . 
Proof. Proof of necessity is similar to the proof of Lemma 5 in [3]. 
Conversely, assume that }{ nx  is bounded and 0lim 

nn
n
Txx . 
Let }){,( nxCAp . Assume that Tpp  . 
Then, similarly to the proof of Lemma 4, we have 
pxTpx n
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, which leads to }){,( nxCATp . 
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On the other hand, since }){,( nxCA  is singleton in uniformly convex Banach spaces, we have 
Tpp  . 
This is a contradiction, so p  is a fixed point.                         □ 
Now we establish weak and strong convergence theorems using (**). 
Theorem 2 Let T  be a ( aD )–mapping on a nonempty weakly compact convex subset C  of a 
uniformly convex Banach space X . Assume that }{ nx  is a sequence generated by (**). If X  
satisfies Opial’s condition, then }{ nx  converges weakly to a fixed point of T . 
Proof. From Theorem 1, T  has a fixed point. Let )(TFp . From Lemma 4, pxn
n


lim  
exists.  
Now we claim that any subsequence of }{ nx  has a unique weak limit. To prove this, let yx,  
be weak limits of two subsequences }{}{},{ nnn xxx kj  , respectively. 
From Lemma 6, we have 0lim 

nn
n
Txx . So by Lemma 4, we have Txx  , Tyy  . 
Assume that yx  . Then from Opial’s property, we obtain 
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This is a contradiction, so we have yx  .                         □ 
Theorem 3 Let T  be a ( aD )–mapping on a nonempty closed convex subset C  of a uniformly 
convex Banach space X  with the Opial’s property. Assume that }{ nx  is a sequence generated 
by (**).  
Then }{ nx  converges to a fixed point of T  if and only if  
0))(,(inflim 

TFxd n
n
 or 0))(,(suplim 

TFxd n
n
 
, where )}(:{inf))(,( TFppxTFxd nn  . 
Proof. Proof is similar to the proof of Theorem 2 in [3].                  □ 
Theorem 4 Let T  be a ( aD )–mapping on a nonempty compact convex subset C  of a 
uniformly convex Banach space X . Assume that }{ nx  is a sequence generated by (**). Then 
}{ nx  converges to a fixed point of T . 
Proof. From Theorem 3.7 in [1], T  has a fixed point. Then from Lemma 6, we have 
0lim 

nn
n
Txx . Since C  is compact, there exists a subsequence }{
kn
x  of }{ nx  converging to 
Cp . 
Assume that p  is not a fixed point of T . Then, there exists a number 0k  such that 
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pTpxTx
kk nn
  
, for all 0kk  . 
From Lemma 1, we have 
pxxTxTpx
kkkk nnnn
 3 . 
Since ,0lim 

px
knk
 0lim 

nn
n
Txx , we have 0lim 

Tpx
knk
. 
Therefore, we have pTp  . 
This is a contradiction, so p  is a fixed point of T .                    □ 
Now we introduce the following condition to prove the strong convergence theorem on weakly 
compact convex subsets. 
Definition 6 ([8]) A map CCT :  is said to satisfy condition ( I ), if there is a nondecreasing 
function ),0[),0[: h  with 0)0( h  and 0)( rh  for any 0r , such that  
)))(,((),( TFxdhTxxd   
, for all Cx , where )}(:)({inf))(,( TFppx,dTFxd  . 
Theorem 5 Let T  be a ( aD )–mapping on a nonempty weakly compact convex subset C  of a 
uniformly convex Banach space X  with the Opial’s property. Assume that }{ nx  is a sequence 
generated by (**) and T  satisfies the condition ( I ). Then }{ nx  converges to a fixed point of T . 
Proof. From Theorem 1, T  has a fixed point. And a weakly compact convex subset of a 
uniformly convex Banach space is a bounded closed convex subset. 
The next process is similar to the proof of Theorem 4 in [3].              □ 
 
3. Numerical Example 
In this section, we give an example to show that (**) converges to a fixed point faster than (*). 
Define a mapping R]1,0[:T  by 
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Then, T  does not satisfy condition (C ). 
For 8.0,1  yx , we have 
yxTxx 
5
1
16
3
2
1
 
but 
yxTyTx 
5
1
40
9
 
, so it does not satisfy condition (C ). 
Now we verify that T  satisfies condition ( aD ) for 
3
2
a . 
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Case 1: Let 1x . Then for ),,( xTCy , we have 
8
3
2

y
. So we obtain 
yxy
y
TyTx  1
28
5
- . 
Case 2: Let 1x . 
If 1),,,(  yxTCy  , then we have 
22
xy
 . So we have 
yxyx
yx
TyTx 
22
- . 
If 1),,,(  yxTCy  , then we have 
28
3 x
 . So we have 
yx
x
TyTx  0
8
5
2
- . 
Hence, T  satisfies condition ( aD ). 
With help of Mathematica Program Software, we obtain the comparison Table 1 and Figure 1 for 
(*) and (**) with 9.0,45.0,65.0,85.0 1  xcba nnn . 
 
 
Figure 1 
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Table 1 
From the figure and table, we can see that (**) converges faster than (*) to the fixed point 
0p . 
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